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Classical mathematics [1] defines power and exponential functions for bases a = 0
only. Otherwise, raising is well-defined for even positive integer exponents only, see
(_1)3 = _1 # 1 = [(_1)6]1/2 = (_1)6/2, (_1)1/3 = _1 ;é 1 = [(_1)2]1/6 = (_1)2/6.
Exponentiation and further hyperoperations are noncommutative and nonassociative:
23=8#9 =232 2/3M = 2N(374) = 281 # 212 = (2"3)"4,
Also iterated (nested) power-exponential functions (power towers), e.g., y = x*=2x,y
="x = xMALAX (n times), and y = *x, are useful by x = 1 only.
Advanced universal mathematics [2, 3] has introduced alternative negativity-
conserving multiplication "My, a = min(sign a; | j € J) |Mies a| and base-sign-
conserving exponentiation a"® = |a|® sign a with extending to complex a =re, b =c +
di (i2 = -1):
a"b - a"c+di - |a|c+di dlr a= rc+di eiq) - r-crdi eiq) - rceid Inr ei(p - rcei(d Inr+ o) : [(_1)"6]"1/2 - _1 .

Tetration having possibly noninteger multiplicity with a > 0 and x used [a] + 1 times

y = f(x) = 2 = xMa = x"? a = exps*'({a}) = xx"...AxMa}, [a] = floor(a), {a} = a - [a].
Notation: a®° = aAb”c”d; a° = sign a; a? = max(a , 1/a).
Transforming "x = x*n: y = f(x) = ™x = x"Mn = x°|x|"""|x|?, f(0) = O (see Fig. 1, n = x).
Quanti-hyper-root-logarithm y = Ih2\x inverse to power-exponential function y = x"*2,
quanti-hyper-root-logarithm y = |ha\x inverse to y = x""a, and self-hyper-root-
logarithm y = Ih x inverse to y = x"*x = (sign x) [x|*max(|x|, 1/|x])*(x - 1) (see Fig. 2).

Power-Exponential Functions Self-Hyper-Root-Logarithm Function
y =x"Mx = (sign x) |x]*max(|x|, 1/|x|)*(x-1), y=lhx
y = xMx = xMxM(x - 1)], and y = xM(1/X)*(x - 1)] Inverse to Power-Exponential Function
. y = X"Mx = (sign x) [x|*max(|x|, 1/]x|)*(x-1)
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—y =f(x) = (sign X)LIXI“maX(IXI, XM (x-1)
===y = f(x) = x"x = xX"[x*(x - 1)] 2
— -y = XA(AK)M(X - 1)] —y =Ihx Inverse to y = (sign x) |x|*max(|x|, 1/|x|)*"(x-1)
Fig. 1. Transformation useful everywhere Figure 2. Transformation inversion

Power-sum exponentiation: EZic; 8= Meya;a?b=a>+b?; 22 3=2%+32=17.
Power-modulus-sum exponentiation: |[E|Zc, a; = Wy a;; a I\* b = |[a°] + |b?].
Power-sum-modulus exponentiation: E|Z|ic; 8 = |[EZiey aj| = ey @;; @ M b = |a® + b?.
Modulus-power-sum exponentiation: EXjc, |aj| = """y a; ; al*b = |a]*|b| = |a]®! + |b]=!.
Sign-power-modulus-sum exponentiation: °|E|Zc; a;= °"\*c, a;; a°A* b = a°|a®|+b°|b?|.



Sign-power-sum-modulus exponentiation: °|EZ|ic; a; = °M*c; a;; a°Mb=|a°|a®|+b°|b?||.
Sign-modulus-power-sum exponentiation: °||EZ;c, a; = °I"*c, a;; a®lh*b=a°|a|Pl+b°|b|=!.
Modulus-sign-power-sum exponentiation: |°EZ|ic; a; = °*lc; a;; al°Mb=|a®|a|®!+b°|b]|®].
Power-sum-modulus-sign exponentiation: |[EX|°cy a; = M°¢, a;; @M°b = (a+b)°|a+b?).
Power-modulus-sum-sign exponentiation: |E|Z°jc; a; =""**,c;a;; aA*°b=(a+b)°(|a®|+|b?|).
Modulus-power-sum-sign exponentiation: ||EZ°c,a=1"*°csa;; alr*°b=(a+b)°(|a|®+|b|?!).
Power-sum maximum-exponentiation: E’Zc; a; = "My a;; a "M b = a** + b?".
Power-modulus-sum maximum-exponentiation: |E|*Zc, a; = "V, aj; a’*b=[a"’|+|b?|.
Power-sum-modulus maximum-exponentiation: E?|Z|ic; a; = "A*lic, a; ; @a” *b=|a*?+b?|.
Modulus-power-sum maximum-exponentiation: E"Xc; a; = I"A*¢,a;; al’Ab=|a|?+|b|®".
Sign-modulus-power-sum maximum-exponentiation:E°I”Z;c a;;a°"A*b=a°|a|’+b°|b]|®".
Sign-power-sum-modulus maximum-exponentiation: a °I’A* b = |a°|a|""” + b°|b|="|.
Modulus-power-sum-sign maximum-exponentiation: a "A*° b = (a + b)°(|a|""” + |b|=").
Power-product exponentiation: EMic; a; = ey 8;; @ ~* b = a’b bta = a° ba.
Modulus-power-product exponentiation: EMic, |a)| = ", a;; a " b = |a|P! |b|@l.

Advanced unimathematics creates fundamentally new opportunities to set and solve
many earlier principally unsolvable urgent problems, e.g., in aeronautical fatigue.
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